Abstract. We apply a method of Cusick [5] to tabulate data on the first 250 totally real cubic fields F having discriminant D < 6,885. Apart from D, we list the class number H and the regulator R of F. Also given are the integer coefficients A,B, C of a defining polynomial g(x) = a3 -Ax2 + Bx -C, its index /, and its largest zero R0. For j = 1,2, we also tabulate both the integer coefficients X¡, Yj, Z¡ for the two units E¡ = (Xj + R0Yj + R2QZj)/I with norm +1, forming a fundamental pair, as well as the £ and the integers F -trace(£2).
1. Introduction. The first author [4] , [5] recently gave a new method for finding a fundamental pair of units in totally real cubic fields. This method is an improvement of one due to Godwin [8] . The earlier version [4] of the main theorem contained some possible exceptional cases (presumed not to exist) for which the determination of the fundamental pair was less simple. Godwin [10] gave a clever and very short argument which proved that the exceptional cases do not exist. The later paper [5] provided a much simpler proof of the main theorem in which there are no longer any exceptional cases.
The purpose of the present paper is to apply the algorithm of [5] to the actual computation of units and to tabulate the fundamental pairs of units Ex and E2 and other information for all the 250 totally real fields F with field discriminant D < 6,885. The resulting table has been photographically reproduced from the computer output.
The fundamental pairs of units are standardized so as to have a norm of +1; in common with all integers in F, they have a representation (1) Ej-(Xj + R0Yj + R20ZJ)/I (y = l,2).
Here X, Yj, Zj are rational integers, R0 is the largest zero of a certain irreducible, monic defining polynomial g(x) with rational integer coefficients and polynomial discriminant D , and / = I , the index of g(x), is the positive integer (D /D)x/2.
The table lists the coefficients A, B, C in , , g(x) = x3 -Ax2 + Bx -C (2) 6 ' = (x -R0)(x -Rx)(x -R2), R0> Rx> R2>0, as well as the index f of g(x) and an approximation to the largest zero R0 of g(x). In addition, the coefficients Xj, Y¡, Zj in (1) and approximations to the units E¡ are given; also tabulated are the quantities (3) Fj = tracc(E2) (y = 1,2), which play an important role in our determination of the E¡. Of course, g(x) is not unique but, as we explain in Section 3, we have tried to pick it so that / is minimal. [1] , as have most of the triples A, B,C. For D < 20,000, a list of discriminants and class numbers has been computed independently by Godwin [9] and others. In Section 3 we give some of the details of the computer program which determined the X¡, Yj,-Zj of (1). Here we give a brief outline of Cusick's algorithm on which the program is based. If F is a totally real cubic field with a defining integer r, then any integer À in F is of the form (5) X = x+yr + zQ(r),
where Q(r) is a fixed quadratic in r with rational coefficients and x,y,z are rational integers determined by X. For any a in F, we define (6) T(a) = trace(a2) = a2 + a'2 + a"2, norm(a) = aa'a", where a, a', a" denote the conjugates of a = a(0). As the function T(X) is a positive-definite ternary quadratic form in x, y, z whose values are rational integers, we can systematically change x, y, z and seek a minimal value of T(X) for X's which are units. The minimizing unit X is denoted by ex. We then continue computing T(X), if necessary, until another minimizing unit e2 ¥= ±ex, m a rational integer, is obtained. Cusick's result [5, Theorem 1] is:
Theorem. The units ex, e2 are a fundamental pair of units for the totally real cubic field.
In the table, the defining integer r of F is called R0 and the units ex, e2 are called
It is a consequence of (3) and \EjEjEj'\ = 1 that, for example, Fj > E"2 = 1/(E2E'2) > \/(FjFj) for ; = 1,2; more generally, for i = 0,1,2, we have 1/F] < ¡Ej^l < Fx/2. As Fj is minimal, \Ejl)\ is not too small, and the relative error in computing \EJ'X\ should be good; the same is true of the absolute error in calculating loglF1''!. Hence, the absolute error in finding the regulator R in (4) should be satisfactory. aocN4jm-44i«40o
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•O ONN(NO«->4)(N4) n -4*tNNmmNmo ©i>ONt>-omo-Na method of Voronoï [15] . An account of this is given in the book of Delone and Faddeev [6, Chapter IV, Part A]. However, the Voronoï algorithm is very complicated, since it depends on a detailed consideration of sequences of points in various lattices. We know of only two published tables of more than a few cases of fundamental pairs of units in general totally real cubic fields. The first of these, due to Billevich [2] , lists the 33 fields (plus 7 duplications) with discriminant D < 1.300. He gives the field discriminant, an integral basis, a defining polynomial for the field, and the coefficients of the fundamental pair with respect to this basis. Billevich uses his own method for the calculation of the units. With this method, computational difficulties arise for discriminants larger than the small ones considered by Billevich (see Steiner and Rudman [14] ). The second table, by Williams and Zarnke [16] , gives fundamental pairs for various fields determined by irreducible cubic equations; for example, they list the coefficients of a fundamental pair with respect to the natural integral basis for all the totally real cubic fields defined by x3 -px -q -0 with \p\ < 15, \q\ < 15. The discriminants of the fields are not given, and no attempt is made to indicate different pairs p,q that give the same field. The Voronoï algorithm was used to compute the units, and an account of how this algorithm was implemented is given.
Among the unpublished tables is a large one of Angelí who describes it in [1] . This was obtained by using the Voronoï procedure on the 4,804 fields with D < 100,000. The actual table gives the field discriminant, the class number of the field, a defining polynomial with its index, and the coefficients in a representation (1) of the fundamental units. It is known that about ten fields with D > 30,000 are missing from this table, and that some of the fundamental units are wrong (see Ennola and Turunen [7] , and Llórente and Oneto [12] ). There are other errors in [1] , and apparently also in [12] (see Ennola and Turunen [7] ). Some of these errors presumably result from mistakes in programming the Voronoï algorithm for the computer, but neither [1] nor [12] gives details about how this was done.
There is a still larger unpublished table of Ennola and Turunen [7] who applied Voronoï's method to the 26,440 fields with D < 500,000. No errors are known in this table, but 300-digit precision was used to handle the worst cases. The actual table gives the ordinal number for each field in the list, the field discriminant and class number, coefficients for an integral basis, a defining polynomial, and coefficients in a representation of two fundamental units with respect to the given integral basis.
The Voronoï procedure is certainly much faster than the method of the present paper for the worst cases (essentially those in which the fundamental units have at least one large conjugate). On the other hand, the necessary programming for the Voronoï algorithm is quite intricate, as is shown by the errors in previous tables produced by that method.
One advantage of the Cusick procedure [5] is its extreme simplicity. Another advantage of the procedure used here is that it makes easier the computation of the regulator R of the cubic fields. As noted in Section 1, for our units, the \Ej']\ are not small, so that R can be computed with good accuracy. However, other algorithms, including Voronoï's, can perform badly in this respect. There is a good example of this in the small table of units and regulators given by Pohst, Weiler and Zassenhaus [13, p. 301] . Even for as small a discriminant as 961, their method (which is based on the geometry of numbers, but is different from Voronoï's) gives a value for the regulator which is in error by 0.16% in spite of a machine precision of 14 digits. This happened, in part, because one of the units in their fundamental pair has a small conjugate.
Regulators are not given in the first four tables mentioned. However, the units in the table of Ennola and Turunen [7] can be used for the accurate computation of regulators. This is because the unit pairs given in their table are not the pairs produced by the Voronoï algorithm, but rather are normalized pairs derived from the Voronoï units. A comparison of Ennola and Turunen's normalized pairs with our pairs shows that in each of the 250 fields, our first unit Ex agrees with one of their units, but this is not always the case for the unit E2.
We remark that in the special case of cyclic cubic fields, the discriminant is a square, and there always exists a fundamental pair made up of a unit and one of its conjugates. Cohn and Gorn [3] and Gras [11] 3. The Computer Program. This was initially written for and tested on the HP-85 microcomputer and subsequently modified and run on the CDC 6400 mainframe which produced the table above. With the exception of R0, Ex, E2, R and certain bounds, all computations were done in integer arithmetic.
For each of the totally real cubic fields F with discriminant D < 6,885, we used the table of Angelí [1] to copy the value of D, H and the coefficients a, b, c of a polynomial h(x) = x3 -ax2 + bx -c, one of whose roots, say r, generates F. Let Ih be the index of h(x) and let Dh be its discriminant, so that Dh = -Aa3c + a2b2 + Wabc -(4b3 + 27c2). If Dh = D, then Ih= 1 and 1, r, r2 form an integral basis for F, called a "power basis". In this case, the program takes g(x) in (2) to be h(x). Then, by Angell's choice of a, b, c, the smallest zero R2 of g(x) is in the interval (0,1) and A,B,C > 0.
If Dh # D, we attempted to reduce fh so as to obtain a power basis. To this end, the program forms the irreducible monic polynomial H(z) = (yz + 8)3h(Ç)/(b, where f = (az + ß)/(yz + 8) and <f> = y3h(a/y), for various rational integers a,ß,y,8 in [-10,10] such that a8 ¥= ßy and H(z) has integral coefficients; of course, H(z) also generates F. If any H(z) has tH = 1, then we let G(z) = H(z); otherwise, G(z) was taken to be an H(z) with the least index tH that arose from this procedure. Letting p be the smallest zero of G(z), we defined g(x) = G(x + [p]), guaranteeing that the smallest zero R2 of g(x) is in (0,1) and A, B,C > 0; also, In the 250 cases we calculated, this algorithm resulted in 25 cases of index 2 compared with 45 cases in Angell's table [1] and 54 cases in the table of Ennola and Turunen [7] ; we also had 2 cases of index 3, compared with 4 cases in the tables of Angell and Ennola-Turunen. It is possible, of course, that further calculation would reduce the index in some, but not all, of these cases; e.g., in the case of D = 961, no polynomial has index 1.
Given the polynomial g(x), the program computes its zeros R0> Rx > R2in (2).
Next the program finds an integral basis 1, R0, S for the field F. If / = 1, the program takes S = Rl = Q(R0). Otherwise, a standard algorithm of Voronoï (see Delone and Faddeev [6, pp. 108-112] ) was used to determine S = {u + vR0 + R20)/I=Q(R0) for suitable rational integers w, v, which are obtained from a solution of a simultaneous pair of congruences involving g(x) and g'(x).
For any integer X in F, (6) and (5) The last function is needed to test whether N(x, y, z) = ±1, i.e., whether À is a unit of F.
To facilitate the search for the minima of the positive-definite quadratic form F(x,y,z), the program next determines the real coefficients kf appearing in the identity (8) F(x,y,z) = (kxx + k2y + k3zf +(k4y + k5z)2 +(kbzf, where k, = ay2, k2^cxa-^2, k3 = bxa0x/2, k4={b0-k2)l/2, k5 = (ax -k2k3)/k4, k6 = (c0 -k\ -k2)1/2 = (D/a0)l/2/k4.
The final step is to search the values of F(x, y, z) until the fundamental units ex, e2 of the Theorem above are found. This is done by picking a number L (say Dl/1) and only considering x, y, z such that F(x, y, z) < L, a condition which imposes bounds on z, y, x, as we now explain. If the last inequality holds, then (8) shows that \z\ < Lx/2/kb = Z2; as F(x, y,-z)= F(-x, -y, z), it suffices to consider z > 0 = Zx. Thus, z must lie in the interval [Zx, Z2\. For a given z of this kind, (8) also gives \k4y + k5z\ < (L -klz2)x/1, so that y is confined to some interval [y";, Y2] depending on z. Similarly, for given z, y, (8) implies that x must lie in some [X{, X2].
Finally, if we let Vk = yRk + zQ(Rk), then (7) shows that N(x, y, z) < -1 if
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